This paper presents an application of double Fourier series (DFS) algorithm for analyzing harmonics of a modular multilevel converter (MMC). By considering the effect of arm inductor, the application of DFS for calculating harmonics in the MMC is made. The DFS is then verified by comparing with simulation results used the fast Fourier transform (FFT) algorithm. Subsequently, the DFS will be used to analyze the effect of number of output voltage levels to the distribution of harmonics and total harmonic distortion (THD) in the MMC. The analytical results are performed in the Matlab programming in order to verify the theoretical analysis.
Introduction
The modular multilevel converter (MMC) has been developed for medium and high voltage applications in recent years. The operation principles of MMC have been studied by many authors over the world [1, 2] . Although in low total harmonic distortion (THD), the MMC also injects the harmonics into AC side of the power system. Moreover, the distribution of harmonics changes according to the operating condition. An analysis of harmonics is quite complex and it is often done by using fast Fourier transform (FFT) algorithm. This method offers the benefits of expediency and reduces mathematical effort, but requires considerable computing capacity at a higher carrier frequency. Besides, the FFT often cause a slight error to the obtained results because this method is quite sensitive to both the time resolution of simulation and the periodicity of the overall waveform. In contrast, an analytical method which can calculate the harmonics with a higher precision has been introduced by Bennett [3] for communication applications. This method is named by a double Fourier series (DFS) algorithm. During the last years, the application of DFS for analyzing harmonics of the voltage source converter (VSC) topologies, such as single-phase VSC, three-phase VSC, diode-clamped and cascaded multilevel converters, has been researched by many authors [4]- [7] . However, there is no any research on application of DFS for the MMC.
Therefore, this paper presents an application of DFS algorithm for analyzing harmonics of the MMC. The objective is to determine the distribution of harmonics as well as the THD in the MMC. To do this, the application of DFS for calculating harmonics in the MMC is first made by considering the effect of arm inductor. The DFS is verified by comparing with simulation results used the FFT. Then, the effect of number of output voltage levels to the distribution of harmonics as well as the THD in the MMC will be analyzed.
Modular Multilevel Converter
The basic structure of the MMC is shown in Fig. 1 . If there are N submodules (SMs) per each arm, the number of levels in output voltage will be N + 1. The MMC with N+1 levels in output voltage is called by N+1-level MMC. To turn on and off for the IGBTs in each SM, the pulse width modulation (PWM) methods are used. One of them is the sinusoidal PWM (SPWM) method that a sinusoidal reference signal is compared with carrier waveforms to generate the gating signals for the IGBTs. The MMC with N SMs per arm requires N carrier waveforms.
In this analysis, the phase-shifted PWM (PS-PWM) method will be applied for the MMC because this is a simple modulation method. In the PS-PWM method, N carrier waveforms have the same frequency and the peak- (a) Circuit diagram, (b) Submodule to-peak amplitude, but there is a phase shift between two adjacent carrier waveforms. The arrangement of the carrier waveforms can be explained by the phase shift between the first carrier waveform and Nth carrier waveform as follows.
 
The total switching frequency, fct, of N SMs in each arm will be equal to N. fc (fct = N. fc).
Analyzing harmonics with double Fourier series
From the DFS theory, any periodic function f(t) in the 3-D space xyz can be expressed as 
and ωc are angular frequencies of the fundamental output waveform and the carrier waveform; θ0 and θc are initial phase angles of the fundamental output waveform and the carrier waveform, and they are set to zero in this paper (θ0 = θc = 0).
In this paper, the DFS is used to analyze the harmonics in a PWM voltage source converter. Fig. 2 illustrates the generation of output voltage of a single-phase PWM converter (Submodule in Fig. 1(b) ) with the DFS and the conventional PWM methods. It is demonstrated that these two methods are equivalent in generating the PWM output voltage waveform. (2), the harmonic solution for the output voltage of the SM, ) (t v sm , can be achieved as follows. 
where J0(.) and Jn(.) are the Bessel functions. Vc is the capacitor voltage of the SM, and it is determined by
Eq. (6) shows the solution for the output voltage of the SM. If the voltage drop on arm inductor is ignored, the lower arm voltage of the phase A will be a sum of the output voltages of N SMs per arm. For all m ≠ kN (k = 1, 2, ..., ∞), the output voltage of phase A, ) (t v a , can be achieved as 
Then, the line-to-line output voltage between phase A and phase B, ) (t v ab , of the MMC is calculated as There are some notices for the line-to-line output voltage in (9) as follows. + There are no baseband harmonics. + The carrier harmonics don't appear because they are the same for all phases. + The sideband harmonics with even combinations of Nm + n and triplen sideband harmonics will be zero. + The sideband hamonics center around the frequency of kNfc (k = 1, 2, ..., ∞).
Eq. (9) expresses for an ideal line-to-line output voltage without considering the voltage drop on arm inductor. However, there is still a voltage drop on arm inductor in practice. Thus, the effect of arm inductor should be taken in account. From Fig. 1 , if the AC grid is replaced by a series RL load (Z = R1 + jωL1), the ideal phase output voltage can be expressed as
where j = a, b, c denotes phase A, B, and C.
Assuming that PWM converter generates the harmonics into the output voltage and current. At a steady-state, the harmonic currents can be calculated as
where h is the harmonic order, h = 2, 3, ..., ∞ and h f h 0 2   . Thus, the harmonic components of real phase voltage and real line-to-line voltage will be expressed as
where tj v is the real phase output voltage of phase j that is considering the effect of arm inductor.
Simulation results
In this Section, the simulated results and the analytical results are obtained by using PSCAD/EMTDC simulation program and Matlab programming, respectively. The parameters of the MMC are given in Table 1 . According to analysis
Comparison between DFS algorithm and FFT algorithm
This section is to verify the DFS algorithm in Section 3. The carrier frequency, number of SMs per arm and modulation index are set to 360 Hz, 10 and 0.8165, respectively. Fig. 3 shows a comparison between the analytical results used DFS and the simulated results used FFT. As seen in Figs. 3(a) and (b) , two algorithms can bring to the same results. The THDs obtained by using DFS and FFT are about 8.23% and 8.07%, respectively. The THD error between two algorithms is not significant. Therefore, the precision of the DFS algorithm is confirmed. The total switching frequency is 3600 Hz (fct = 3600 Hz) that is corresponding to 60 th harmonic order. In the line-to-line voltage, there are no baseband harmonics, carrier harmonics, the sideband harmonics with even combinations of 10.m + n and triplen sideband harmonics of h.3 th (h = 1, 2, ..., ∞). The sideband harmonics are centered around the harmonic order of k.60 th (k = 1, 2, ..., ∞). These results exactly match the theoretical analysis in Section 3.
The dependence of the FFT on the simulation time step is expressed in Figs. 3(b) and (c). With the simulation time step of 10 µs, the simulated results showed in Fig.  3 (c) contain some harmonics (smaller than 10 -3 ) that do not exist in the analytical results or in the simulated results obtained by using the simulation time step of 0.5 µs as shown in Fig. 3(b) . However, the executive time of simulated results in Fig. 3(b) is extremely long. This shows out the advantage of the DFS in comparing with the FFT.
Relationship between harmonics and number of levels
The number of SMs per arm will be changed in order to analyze the distribution of harmonics versus number of levels of MMC. The analytical results are shown in Fig. 4 . The modulation index is the same with Section 4.1. The carrier frequencies are 900 Hz, 360 Hz and 180 Hz corresponding to 5-level, 11-level and 21-level MMCs, respectively. These carrier frequencies ensure that the total switching frequencies are the same in three cases, fct = 3600 Hz. With the higher number of levels of MMC, the sideband harmonic region is wider while the magnitude of harmonics is smaller. This leads a distribution of THD in three cases as shown in Fig. 5 . The increasing series of THDs is 21-level MMC (3.7%), 11-level MMC (8.23%) and 5-level MMC (19.76%). In other words, the higher number of levels of MMC can achieve a lower THD. This will be explained as follows. If the level of the MMC is increased, the output voltage will be more nearly sinusoidal waveform. Thus, the harmonics and THD will be decreased.
Conclusion
This paper has presented an application of DFS algorithm for analyzing harmonics of the MMC. The analytical results used the DFS has been confirmed by comparing with simulated results used the FFT. This means that the DFS can be used to analyze the harmonics in the MMC. Besides, the advantages of the DFS over the FFT is also demonstrated. The DFS does not depend on the simulation time step, and thus it can improve the executive time for calculating harmonics. The MMC with higher number of levels can reduce the THD in the output voltage significantly. In this case, the bandwidth of harmonics is wider, but the magnitude of harmonics is smaller. These conclusions will play an important role in design as well as operation in order to reduce harmonics for the MMC.
